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Abstract 

Let K be any finite extension of Qp, L any finite Galois extension of K, and E any fi- 
nite large enough coefficient field containing L. We classify two-dimensional L-semistable E- 
representations of Gk , by listing the isomorphism classes of rank two weakly admissible filtered 
{ifi, N,L/K, £;)-modules. 

1 Introduction 

Let K be any finite extension of Qp and p : Gk Gi„(Qp) any continuous n-dimensional repre- 
sentation of Gk = Gal(Qp/A'). Let L be any finite Galois extension of K. The representation p is 
called L-semistable if it becomes semistable when restricted to Gl ■ The field of definition of p is a 
finite extension of Qp which may be extended to contain L. Let k > Ihe any integer. By a variant of 
fundamental work of Colmez and Fontaine ( [CFOO] ). the category of L-semistable L'-representations 
of Gk with Hodge- Tate weights in the range {0, 1, fc — 1} is equivalent to the category of weakly 
admissible filtered {(p, N, L/K, L;)-modules D (Def. [TT]), such that Fil°(L ^l^, D) = L (»Lo D and 
Fil'^(L (g)Lo D) — 0. We classify two-dimensional L-semistable £J-representations of Gk, t)y listing 
the isomorphism classes of rank two weakly admissible filtered (if, N, L/K, i?)-modules. 

When K ^ Qp interesting new phenomena occur, for example there exist disjoint infinite families 
of irreducible two-dimensional crystalline representations of Gk, sharing the same characteristic 
polynomial and filtration (Cor. 17. 4p . Such families have been constructed in |DO08| and their 
semisimplified modulo p reductions have been computed in |DO09j . 

Potentially semistable representations arise naturally in geometry. Deciding which isomorphism 
classes of filtered modules occur from certain geometric objects, e.g. Hilbert modular forms is an 
interesting open problem and we hope that this paper will contribute in this direction. Special cases 
of the problem have been treated by Fontaine and Mazur [FM95| when both E and K equal Qp 
and p > 5, Breuil and Mezard [BM02] who initiated the subject with arbitrary coefficients, Savitt 
|SAV05] in cases where the representation becomes crystalline over tamely ramified extensions of 
Qp, and most recently by Ghate and Mezard |GM09] who treated almost all cases where K — Qp, 
assuming that E is large enough and p ^ 2. In this paper we assume that the coefficient field E is 
large enough, and make no further assumptions. The paper is organized as follows: in the rest of 



this introductory section we recall standard facts from p-adic Hodge theory and there is nothing 
original. In Section [2] we set up our main notations and prove a canonical form lemma for Frobenius 
and the monodromy operator ( §2.ip . We then proceed to determine the Galois descent data ( §2.2|) . 
In Section [3] we construct the Galois-stable filtrations and in Section [4] we compute Hodge and 
Newton invariants. In Section [5] we provide the complete list of rank two weakly admissible filtered 
{if, N, L/K, i?)-modules, determine which are irreducible, non-split reducible or split-reducible, and 
describe their precise submodule structure. In Section [6] we list the isomorphism classes of rank 
two filters modules fi j6.4p . and in Section[7]we apply the results of previous sections to explore new 
phenomena occurring in the K ^ Qp case, focusing on crystalline representations. 
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1.1 Fontaine's rings 

Let Cp be the completion of Qp for the p-adic topology. The field Cp is algebraically closed and 
complete. Let E ^ lim Cp = {(a;(°), a;*^), ...) such that = x^") for all n > 0} 

and let E+ be the set of x = {x'^°\ x^^\ . . . ,x'^''\ ...) e E with vsix) := Wp(a;(°)) > 0. Then E with 
addition and multiplication defined by 

{x + = lim (a;("+") + and (a;?/)^") = ^("^i/f") 

rn — >oo 

for all n > is an algebraically closed field of characteristic p and w_e is a valuation on E for which 
E is complete with valuation ring £'+. Let A+ be the ring_of Witt vectors with _E+-cocSicicnts and 
let B+ = A+[i] = { J2 P''[^k], Xk e £■+}, where [x] G A+ is the Teichmhller lift of x e E+ . The 

ring B+ is endowed with a ring epimorphism 6' : B+ ^ Cp given by 6'( ^ p''[xk]) = p'^x'fK 

By functorial properties of Witt vectors the absolute Frobenius ip : E^ E^ lifts to a ring 
epimorphism : B+ — > B+ given by Lp{ ^ p''[xk\) — J2 p'^l^kl- ^'^^ ^ ~ (e^*'')i>o G E where 

k^ — oo k^ — oc 

£(0) = 1 and e^*) is a primitive p*-th root of 1 such that {e'^^^^^Y = ^^^^ f^^' i. If tt = [e] — 1 
and TTi = [£p] — 1, we write uj ^ The kernel of the epimorphism 9 : B+ Cp is the principal 
ideal generated by lu. The ring B^^ is defined to be the separated ker6'-adic completion of B+, i.e. 

oo 

= 1™ B+/(ker0)". The series log([e]) = — ^ n converges to some element t e B^^ with 

n n=l 

the property that gt — x{9)t for all g G Gq^, where x ■ is the cyclotomic character. We 

define M^r — ^dRij]- ring M^r is a field equipped with a decreasing, exhaustive and separated 
filtration given by FiVMdR = ^^'B^i? ^'^^ integers j. It contains a subring Mcris endowed with the 
induced Galois action and a Frobenius endomorphism tp which extends f : B"*" B+, such that 
ip{t) = pt. It has the property that B^^^, — Kq for any finite extension K of Qp, where Kq is the 
maximum unramified extension of Qp inside K. Between Mcris and M^r^ sits (non canonically) a 
ring Mst — Mcris [X] , where X is a polynomial variable over Mcris ■ The ring Mst is equipped with 
a Frobenius which extends the Frobenius on Mcris and is such that (p{X) = pX. There is also a 
Qp-linear monodromy operator N = — which satisfies the equation A^i^ — pipN. Let p e i?+ be 
any element with p*^*^) = p and let 

^ — ' n 

n—l 

There exist Galois equivariant, Bcris-bnear embeddings of B^f in MdR which map X to log[p]. They 
require a choice of log (p) and we always assume that logp(p) = 0. The ring Mst is equipped with 
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a Galois action which extends the Galois action on Mcris ■ It has the properties that B^^^ = Kq for 
any finite extension K of Qp and the map K (^Ko B^*" Bd_R is injective. 

1.2 Potentially semistable representations 

Let K he a. finite extension of Qp and V a Qp-linear representation of Gk- The fact that = K 
is part of a technical condition called regularity which implies that the ii'- vector space DdR{V) — 
(Bdfl'X'Qp V)'^'^ has dimension at most dimq^ [V). The representation V is called de Rham if equality 
holds. All representations coming from geometry are de Rham. The -RT-space DdR{V) is equipped 
with a natural decreasing, exhaustive and separated filtration given by ¥\V DdR{V) = [t^K^j^ 
y)*^^ for any integer j. An integer j is called a Hodge- Tate weight of a de Rham representation V if 
F[l-WdR(y) ^ Fil-^+'^DdRiV), and is counted with multiplicity dim^ {FiV^ DdR{V)/Fir^+^ DdRiV)) . 
There are d — dimQp(V^) Hodge- Tate weights for V, counting multiplicities. A chosen inclusion 
of Mst in MdR defines (non canonically) a filtration on K (^Kq Dst{V) — K (Bst OQp V)'~^'^ 
which is preserved by the Galois action. By the construction of the ring Mst the inequality 
dirnxoDstiV) < dimQp(F) always holds, and V is called semistable when equality holds. It is 
called potentially semistable if it becomes semistable when restricted to G^, for some finite exten- 
sion L of K. Crystalline representations are semistable and semistable representations are de Rham, 
with the converse inclusions being false. Potentially semistable representations are de Rham. The 
converse is a difficult theorem of Berger f |BE04b| ). known as the p-adic monodromy theorem. 

Let L be a finite Galois extension of K and E any finite extension of L. We write D^tiV) instead 
of Dst{V \gl)- Assume that V is equipped with an £^-linear structure which commutes with the Gk- 
action. The Lo-space Dsf {V) is additionally equipped with an Lo(8>Qp £^-module structure, and V is 
L-semistable if and only if D^tiV) is free of rank dim^V. For the rest of the section we assume that V 
is L-semistable. The Frobenius endomorphism of B^i induces an automorphism ip on D^^{V) which 
is semilinear with respect to the automorphism r® 1b of Lq (Eiq^ E, where r is the absolute Frobenius 
of Lq. The monodromy operator N of B^^ induces an Lq (g)Q £'-linear nilpotent endomorphism N 
on D^^{V) such that N(p — pipN. We equip L 0^,-, Dgt{V) with the filtration induced by the 
injection L •S)Lo D^tiV) DdR{V). It has the properties that FiP [L ®Lq D^ti^)) = for j > 
and FiP (L ®Lo -Df't(F)) = L®Lo D^A"^) for j < 0. The module D^^{V) is also equipped with an 
Lo-semilinear, i?- linear action of G = Ga\{L/K) which commutes with (f and N and preserves the 
filtration. The discussion above motivates the following. 

Definition 1.1 A rank n filtered {lp^ N , L/ K, E) -module is a free module D of rank n over L^)®q^E 
equipped with 

• an io-semilinear, .E-linear automorphism ip; 

• an Lq (gjQp £^-linear nilpotent endomorphism N such that Nip = pp>N; 

• a decreasing filtration on Dl ^ L ®Lo D such that FiV Dl = for j and F\V Dl = Dl 
for j ^ 0, and 

• an Lo-semilinear, i?-linear action of G = Gal{L/K) which commutes with p and N and 
preserves the filtration of D^. 

A morphism of filtered {(p, N,L/K, i?)-modules is an Lq (>Dq L^-linear map h which commutes with 
ip, N and the Gal(L/iir)-action, and is such that the L®Qp £^-linear map = lL(g)q^E'S>h preserves 
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the filtrations. A filtered (c/?, N^L/K, i?)-niodule is called weakly admissible if it is weakly admissible 
as a filtered TV, i?)-module in the sense of |BM02[ Cor. 3.1.2.1]. The Galois action plays no role 
in weak admissibility. We have the following fundamental theorem essentially due to Colmez and 
Fontaine (cf. [BMQ2 Cor. 3.1.1.3]). 

Theorem 1.2 Let k > I be any integer. The category of L-semistable E-representa- 

tions of Gk with Hodge-Tate weights in the range {0,1,..., A: — 1} is equivalent to the category of 

weakly admissible filtered {ip, N, L/K, E) -modules D such that FiI'^{Dl) = and Fil'^(_Di) = 0. 

2 Rank two filtered {ip , N , L / K , E)-inodu\es 

Throughout the paper p will be a fixed prime number and L/K any finite Galois extension, with 
K any finite extension of Qp. The coefficient field E will be any finite, large enough extension of 
L. We denote by m the degree of L over Qp, by / = [Lq : Qp] the absolute inertia degree of L, and 
by e = [L ; Lq] the absolute ramification index of L. As in the introduction we denote by Lq the 
maximal unramificd extension of Qp inside L. Let r be the absolute Frobenius of Lq. We fix an 
embedding llq : Lq ^ E and we let tj = llo ° for all :/ = 0, 1, ...,/ — 1. Wc fix once and for all 
the /-tuple of embeddings Sl„ ■= (tojTi, The map 

^Lo ■■ Lq <S>Q^ E ^ Y[ E : ^Loix (» y) ^ {n{x)y)r, 

is a ring isomorphism (cf. |SAV05[ Lemma 2.2]). Let E^^^ol JJ E and (i;x)l'^^«l Jl 

The ring automorphism t(E)1e ■ Lo ®Qp E ^ Lq >S)q^ E transforms via to the ring automorphism 
ip : E'l'Si-ol -> ijI'Siol with ip{xQ,xi, ...,a;/_i) 

= {xi, Xf-i, xq). a filtered (ip, L/ E)-modn\e may therefore be viewed as a module over 
^l<Siol_ ^j^g automorphism ip : D D is semilinear with respect to the automorphism ip of E^^^o\ 
defined above, and the monodromy N is £;l'5i.o I -linear. The Galois action of G = Ga.\{L/K) on E^ '^0 1 
will be described in Section [1X21 We let e^^ := (0, 1^^ , 0) G -BI'^^oI foranyj G {0, 1, ...,/- 1}, 
and set up some more notation which will remain fixed throughout. 

Notation 1 For each J C {0,1,...,/ — 1} we write fj = J2^t - V ^ G ijl'^^ol, we define 

ieJ 

Nmip{x) := Y[ f^i^) ^''^d, Trip{x) := ^ f^i^)- For any x G E^^^o\ we denote by xi the i-th 

i=0 i=0 

component of x, and for any matrix M G Af2(i?''^^o') we write Nm^(M) — Mip{M) ■ ■ ■ ip^^^(M), 
with ip acting on each entry of M. 

2.1 Canonical forms for Frobenius and the monodromy operator 

We start by putting the matrix of Frobenius of a rank two (^-module in a convenient form. The 
matrix of any (semi)linear operator T on D with respect to an ordered basis e will be denoted by 
[T]e throughout. The following elementary lemma will be used frequently. 

I l<S I 

Lemma 2.1 (1) The operator Nm^ : {E^y ^° {E^y ^° is multiplicative; 
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(2) Letd,/] G (£;xy'^^o' . The equation a-j = f3-(p{'y) has nonzero solutions 7 G ijl'^^ol if and only 
if Nm^{d) =Nm^{/3). In this case, all the solutions are 7 — 7 ^1, , 
for any 7 £ E'. 

Proof. Straightforward. ■ 

Let D he a rank two (/^-module over E^'^'-ol and let 77 and e be ordered bases. Then (771,772) = 
{ei,e2)M for some matrix M G GL2 (E'l'^^ol) , and we write M = It follows from Section[2] 
that [(p]e — M[ip]rf(p{M)~^ . The main observation of this section is the following proposition. 

Proposition 2.2 Let D be a rank two ip-module over ijI'^^oL After enlarging E if necessary, there 
exists an ordered basis rj of D with respect to which the matrix of Frobenius takes one of the following 
forms: 

(1) [ip\ri — diag(a • 1 , (5 • 1) for some a,5 G with ^ 5^ , or 

(2) [(p\ri — diag(Q; • 1, a • 1) for some a G E^ , or 

(3) [ip\ri_^ (^"^ '^^ J^^^^forsomeaeE''. 

To prove Proposition 12. 2i we use the following lemma. 

Lemma 2.3 Let D he as in Provosition \2. 21 After enlarging E if necessary, the following hold: 



(1) If (fi-^ is not an E^ -scalar times the identity map, then there exists an ordered basis rj of D 

such that [(/?]„= I ^ I J with the additional properties that: 
- \ri S J 

(a) If Nmip{e) ^ Nm^{9), then ff = and 

(b) If Nm^(e) ~ Nmip{9), then e — and ff^ = 1, where fj^ is the (2, 1) entry of the matrix 

(2) If = a ■ id for some a G E^ , then there exists an ordered basis 77 of D such that [(/j]^ = 
diag((a, !,...,!), (a, 1, ...,!)). 

Proof. (1) Since tp^ is an ijl'^^o '-linear isomorphism, extending E if necessary, there exists an 

ordered basis e of £> such that Up-^]e — ( ^ *? I • With the convention of Notation [1] we have 

V 7 S J 

aidi ^ for all i £ Iq (because ip is an automorphism), and the basis can be chosen so that 
7i = whenever Ui ^ Si and 7i G {0, 1} whenever = Si. We repeatedly act by (p on the 
equation ((/j(ei), (^(62)) = {ei,e2)['p]e and get (ip^ {ei),(pf {e2)) = (ei, e2)A^77i^([(/5]e). Let P = 
[ip]e = (Po,Pi,...,P/-i) and Q = Nm^{P) = (Qo, Qi, -, Q/-i) • Since Q - P^{Q)P-\ we 
have Qi = PiQi+iPj^^ and {ai+i, Si+i} = {at, Si} for all i. Since for all i, aiSi = detQo = 
d, we have {ai+i , da^_^^} = {ai,da^^}. Let a = da^^ . Then Ui G {a,da~^} for all i, and 

NmJP) = ( (ao,--,a/-i) (0 , . . , 0) \ ^.^^ ^ 1^ If / d then, 7 = and if 
V (7o,--,7/-i) ((5o,...,<5/-i) J 
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o? = d, then 7, e {0,1} for all i. We conjugate by the matrix R = {Ro,Ri, ...,Rf-i) , where 
^'~(o 0) depending on whether aj = da~^ or a respectively, and get RQR~^= 

f da ^1 ^ ^ V If ^ d, then RQR~^ = diag((da~^, ...,da~^), ia,a, ...,a)). If = d, then 
\ a ■ 1 J 

Nm{P) = f " i \ ) . Indeed, since P<p{Q)P ^ = Q, if = for some j then 7^+1 = 



a-1 ^ 

and (p^ = a ■ id a contradiction. Therefore 7 = 1. We have proved that there exists some ordered 
basis T] of D over E^^'^ol such that [(p-^]n ~ ( " t" '^^l ) some a e and some G E 
with 7 = if 7^ d and 7 = 1 if = d. We compute the matrix of (p with respect to that basis 
r]. The relations Nm^ — ^^'^ Mf;V (^Nm^ (['P]'?)) = Nm^ (jfjnj M») ^ direct 

computation imply that: (1) If ^ d, then the non diagonal entries of [ip]r, are 0, and (2) If = d, 
then the (1,2) entry of [(p],f is and the diagonal entries are equal. This concludes the proof of 
part (1). Part (2) follows immediately from the fact that the matrix of ip^ is basis-independent 
combined with the following claim. ■ 

Claim 1 Let P £ GL2{E^^''o\) be such that Nm^{P) = diag (a • l,a • 1) for some a € E^ . Then 
there exists some matrix Q* G GL2{E\^^o\) such that 

Q*Pp{Q*)-^ = diag((a, 1, .., 1), (a, 1, .., 1)). 

Proof. As above we write P = (Pq, -Pi, -P/-i) • We easily see that there exist matrices Qi e 
GL2{E) such that the matrix Q = ((5o,<5i, -vQ/-!) has the property QP<^((5)-^ = (Tq, Ti, r/_2, T/_i) 

for some triangular matrices Ti = ( ^ ] for i = 0,1,...,/ — 2, and some matrix T/_i = 

\ 7i Oi / 

"^f^^ ^/^^ I e GL2{E). In the proof of this claim, the entries ai,[3i,^i and 5i arc hav- 
ing independent moaning and should not be confused with those used before. The equation 
Nm^{QP(p{Q) ^) = diag(a-l, a-1) implies that H = o; and ( Yl <^i)Pf-i = 0. Hence = 

i=0 i=0 

and QPip{Q)~^= ( ^ ^ ] with Nrnu,{d) = Nrnu,{S) = a-1. Let x = {l,aoa~^,aoaia~^, ...,aoai ■■■ af-2C(~^), 
V 7 ^ / 

y = {1, 5oa~^ , 6o5ia~^ , ...,5odi ■ ■ ■Sf-2a~^) and R = diag{x,y) ■ Q. A computation shows that 



RPifiiR)-^ 



(a,l,..,l) 
C (a,l,-,l) 



for some C € {Ey^''°^ . Since Nm^{RPip{R)-^) = diag(a • l,a • 1) we have Co + Q E Ci = 0. 

i=l 

^ = ( (.o!i;!:::./-o (!:!;::?) )' ^^^^^ = i, = i - d - - ••• - o-i, = 

I — C2 C/-1) •••) Zf-2 = 1 — C/-2 — C/-1 and Zf-i = 1 — C/-1) and let Q* = SR. The fact that 

/-I 

Co + Q! E Ci = and a simple computation yield that Q*P(p{Q*) ^ = diag ((a, 1, .., 1), {a, 1, .., 1)). 
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■ Proof of Proposition \2.SX Again, the notations in the proof of this lemma are having indepen- 
dent meaning and should not be confused with those of previous sections. Choose 77 as in Lemma 

12.31 In case (l)(a) so that = diag(e, 0) with Nm^{e) ^ Nm^{6), let ai,6i £ be such that 
Nm^{e) = a( ■ 1 and Nm^(9) = 6{ -l. By Lemma [Q there exists a matrix M G GL2{E^^^o\) 
such that M {\^}p\r^ ip{M)~^ = diag(ai • 1, (5i • 1), and clearly a{ ^ 5{. This gives the first pos- 
sibility of the proposition. In case (l)(b) of Lemma [2.31 let ai an /-th root of a. By Lemma 

[O there exists a matrix M e GL2(i^''^^o') such that M (Vp\„\ i^iM)-^ = ( "^J - 

\ -/ \ 7 ai • 1 

Since [iff]n = { f"i^ ^ ? ) and [ff]^ = ( "-^ ) , we have Tr<^(7) 0- Let 

- ( Tr%) ) ' -^-^ 

z = (0, 1, ...,/- l)Tr^{'^) - / (70, 70 +71, ■•■,70 + 71 H 7/^2) ■ 

Then ( "1 ■ ^ ^ ^ ) ip{M*) = M* ( "'K^ ^ - I ■ This gives the third possibility of the 
V7 ai-1 J \ 1 ai-1 J 

proposition. Finally, in case (2)(b) of Lemma [2?3l let ai G be an /-th root of a and proceed as 

in case (1). This gives the second possibility of the proposition and concludes the proof. ■ 

Definition 2.4 A tp-module D is called F-semisimple, F-scalar or non-F -semisimple if and only 
if the E^^^ol -linear map ip-^ has the corresponding property. 

One easily sees that D is F-semisimple if and only if there exists some ordered basis with respect to 
which the matrix of Frobenius is as in cases (1) or (2) of Proposition [521 with D being non F-scalar 
in case (1) and F-scalar in case (2). The (^-module D is not F-semisimple if and only if there exists 
an ordered basis with respect to which the matrix of Frobenius is as in case (3). A basis of D 
in which Frobenius is normalized as in Proposition 12.21 will be called standard. Unless otherwise 
stated, the matrix of any operator on D will be considered with respect to a fixed standard basis. 
In the next proposition we determine the matrix of the monodromy operator with respect to a 
standard basis 77. 

Proposition 2.5 Let D be a rank two {ip, N, E)-module. 

1. If D is F-semisimple and [ip\jj — diag(a ■ 1,6 ■ 1), then the monodromy operator is as follows: 
(a) Ifaf ^ p^f5f , then N = Q- 



(h) If af = pfSf, then [iV]^ = ° j| ^ , where n = n(l, C, C', ■■■, C^"'), ^^th C = ^ 



anc 



n e E- 

(c) If 6^ = p^a^, then [iV],, ~ ^ ^ 5 ) ' ^^^^^ ^ ~ n(l, e, e^, with £ = ^ and 
ne E. 

2. If D is non-F -semisimple, then N = 0. 
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Proof. The condition Nip ~ pipN is equivalent to [Af]^[<y9]^ = p [</j],,(^([iV],,). The proposition 
follows by a short computation, using Lemma |2. II and taking into account that N is nilpotent. ■ 

Corollary 2.6 Let D be a rank two [if, N, E) -module with nontrivial monodromy. There exists an 
ordered basis rj with respect to which [ip],^ — diag(a • 1, (5 • 1) for some a, (5 £ with a = pj, and 




Proof. If = p^6^ , change the basis to r]' with ri[ — 771 and r]2 — n ■ 772- If = p-^a^ , first swap 
the basis elements, and then proceed as in the previous case. ■ 

When the monodromy operator is nontrivial our standard bases will always be as in the corollary 
above. 



2.2 Galois descent data 

In this section we determine the action of the Galois group Gal(L / K) on an arbitrary rank two 
filtered {(p, N, L/ K, Eymodule D. 



2.2.1 The Galois action on L E 

Since E is assumed to be large enough, each embedding Tj of Lq into E extends to an embedding 
of L into E in exactly e — [L : Lq] different ways. For each j G {0,1,...,/ — 1}, let hij : L ^ E with 
i e {0, 1, ...,e — 1} be any numbering of the distinct extensions of Tj : Lq —> E to L. Each index 
s e {0, 1, ...,m — 1} can be written uniquely in the form s = fi + j with i G {0, 1, e — 1} and 
j G {0, 1, / — 1}. For each s = 0, 1, m—l, let a-g :— hij. These are all the distinct embeddings 
of L into E and we fix the ?7i-tuple of embeddings Sl ■= (cq, ci, Cm-i) once and for all. Recall 
the notation ijl'^^l JJ E. The map 

^L-.L^i^^E^ E^^^^ -.x^y^ {a{x)y)„ 

is a ring isomorphism. A simple computation shows that ^^l (l^ct) — Cio (o:)®'^ for any a G Lq^Qj, E, 
where is the isomorphism of Section [21 For each vector a G E^^^o\ we denote a®'^ the vector of 
E\^^\ gotten by e copies of a, removing the inner parentheses. For each g € G = Gal{L / K) consider 
the permutation Tr{g) on {0, 1, m—l} defined by ai-g — crir(g)(i) for any g E G and any embedding 
CTj. The map p : G ^ Sm with p{g) = TT{g)~^ is a group monomorphism. We define an i?-linear G- 
action on ijl'^^l by setting g^L{a) = ibigoi) for all g and a. If x®y G L®(i^E and 5 G G, then gS,L{x® 
y) = {^^{g)(i){x)y)<y^^ therefore g{ao{x)y,cJi{x)y,...,am~i{x)y) = (cr^(g)(o) cr^(g)(m-i) (a^)?/) 
for any x ® y E L iSiq^ E (with indices viewed modulo m) . From this we easily deduce that 

g{X[), Xi, X„i_i) = (a;7r(g)(0) ! ^7r(g)(m-l)) 

for any {xq,xi, Xm-i) G i?''^^' and g E G. 



2.2.2 The Galois action on E 

We use the isomorphism of Section [3 to define an ii^-linear G-action on E^^^o\ by setting 
9^Lo {x) = Clo {9^) for all (7 G G and x G Lqi^q^E. For each g £ G there exists a unique integer n{g) G 
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{0,1,...,/ — !} such that g \lo — t"*^^^. One easily sees that ga = (a„(g) , an(g)+i, a„(g)+/_i) for ah 
g and a — (ao, ai, q;/_i). We write instead of ga and it is obvious that Nm^(^d) =Nmip{d). 
Clearly ^L(g(l (8" a)) — ^Lo(ffa)®'^ for any g G G and a G Lq (8)Qp E, and this imphes that g{d®'^) — 
(gd)^'^. In the next proposition we determine the matrix of the Galois action with respect to 
a standard basis. Recall that when the monodromy is nontrivial, standard bases are as in the 
comment succeeding Corollary [ 



Proposition 2.7 Let D be a rank two [if , N, L/ K, E) -module and let rj be a standard basis of D. 

1. If D is F-semisimple and non-scalar, 

(a) If the monodromy N is nontrivial, then there exists some E^ -valued character x of G 
such that [g]rj_ = diag(x(g) • 1, x{g) ■ 1) for all g e G; 

(b) If the monodromy N is trivial, then there exist some E^ -valued characters x,4' of G such 
that [g\r^ = diag(x(5) ■ 1, • 1) for all g&G. 

2. If D is ¥ -scalar, then there exists some group homomorphism 

X: G ^ GL2{E) such that [g],, = A(5)-diag(l, 1) for all g & G. 

3. If D is not F-semisimple, then there exist some E^ -valued character x of G such 
that [g]r^ = diag(x(5) • 1, xig) ■ 1) for all g&G. 

Proof. For G to act on D wc must have [91.92])) = [gi\n (^^4.92]r(^ for any gi,.92 £ G. We determine 
the shape of the matrices [g]^ utilizing the fact that the Galois action commutes with Frobenius and 

the monodromy operators. That happens if and only if ['/'IjjV' (^[s]??^ — [9\ri{^Vp\ri) and [iV]^[5],j = 
[5]') (^[^]»)) for all 9 G G. The proof of the proposition is a tedious calculation and we only give 

the details in Case (3). For any g, we write [g]„ = ( "^[^^ ^f^'' ] . In this case the monodromy 
operator is trivial. Let [ip\ri = ^ 1 ) some a G E^ . The equation [<p]r)</' = 

[5] ')(^ [¥']»?) implies that for all g G G, [g],, = ^ "^j^j ^ ( ) 1 ) functions a,7 : G ^ 

E. The equation [gi.92]j) = [<7i]i) ^^^[52]jj^ implies that a : G ^ E^ is a character, and that 

7(5152) = a(5i)7(.92) + "(52)7(51) for aU gi and g2- By induction, 7(5") = na{g'^-^)j{g) for any 
g & G and any non negative integer n. Since 7(1) = and a(g) ^ for all g, we have j{g) — 
because G is finite. ■ 



3 Galois-stable filtrations 

In this section we describe the shape of the filtrations of rank two filtered modules and construct 
those which are stable under the Galois action. The notion of a labeled Hodge- Tate weight will be 
important. 
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3.1 Labeled Hodge- Tate weights 

If Z? is a rank n filtered {ip, N, L/ K, E)-modu\e, — L ®Lo D may be viewed as a module 
over via the ring isomorphism of Section 12.2.11 For each embedding a oi L into E, let 

Co- := (0, 0, l(j, 0, 0) G -E''^^' and Dl^o- := e^DL. We have the decomposition 

= DL.a. 

Since I?l is free of rank n over L (8)Qp E, the components Dl,o- are equidimensional over E, each 
of dimension n. We remark that the i?!'^^' -modules e^DL are not necessarily free. We filter each 
component DL,cr — c^Dl be setting YiV Dl,<j ■— ecrFiPDi. An integer j is called a labeled Hodge- 
Tate weight of (or of D) with respect to the embedding a if and only if Fil~-' _Di.cr ^ Fil~-^+^Di^o-- 
It is counted with multiplicity dim^; (Fil^-' DL^cr/Fil~-'~^^ Dl^) ■ Since the components Dl,<t are 
equidimensional over E, there are n labeled Hodge- Tate weights for each embedding a, counting 
multiplicities. The labeled Hodge- Tate weights of D are by definition the m-tuple of multiset 
{Wi)ai , where each such multiset Wi contains n integers, the opposites of the jumps of the filtration 
of D^^cTi - From now on we restrict attention to rank two filtered modules with labeled Hodge- Tate 
weights ({0, — fciDo-; , with ki non negative integers. When the labeled Hodge- Tate weights are 
arbitrary, we can always shift them into this range, after twisting by some appropriate rank one 

weakly admissible filtered (^-module. Indeed, since FiP [Di ® D2) — FiV^ Di®FiV'^ D2 for 

ji+i2=j 

any filtered modules Di and D2 and any integer j, the claim follows easily using the shape of the 
rank-one weakly admissible filtered iy9-modules given in the Appendix and the definition of a labeled 
Hodge- Tate weight. 

Notation 2 Let fcg, fci, fcm-i be non negative integers which we call weights. Assume that after 
ordering them and omitting possibly repeated weights we get Wq < Wi < ... < iff_i, where Wq is 
the smallest weight, wi the second .smallest weight, Wt^i is the largest weight and 1 < t < m. 
For convenience we define w^i ~ 0. Let Lq — {0, 1, m — 1}, Li ~ {i e Lq : ki > wq}, It-i = 
{i e /q : hi > Wt-2} = {« G /o • ki = wt-i}, Lt — and L^ = {i E Lq : ki > 0}. Notice that 

t-l m-l 

I] Wi{\ /j I - I /j+i I) = I] h- If X e E\^^\, we write Js = {i ^ h ■ Xi ^ 0}. For any J C /q, we 

i=0 1=0 

let fj ^ e„.. If A is a matrix with entries in E^'^'^ol we write A®'^ for the matrix with entries 
ie.j 

in Y[ E obtained by replacing each entry a of A by a®'^ , where a®"^ is as in Section \2.2.1\ 

Sl 

3.2 The shape of the filtrations 

Let D]^ be a filtered (^c-module with labeled Hodge- Tate weights {{—ki,0})cri and let 77 — (771,772) 
be any ordered basis of D over ijl'^^ol. By the definition of a labeled Hodge- Tate weight we have 

r c^^Dl ifj<0, 
FiViDL,a,) = l Di ifl<j<fc„ 
[ iij>l + ki, 

where = (ijl'^^l) {x^{l (8) 771) -I- 77'(1 ® 772)) e^. , for some vectors a? = {xl,x\, 
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xln_i) and y' — {yQ,y\, ...,yl^_i) e E^^^^, with the additional condition that {x\,yi^) ^ (0,0) 
whenever ki > 0. Since one may choose the x] and yl arbitrarily when ki — 0, we may assume that 
{^liVl) (0,0) for all i G Iq. From now on we always make this assumption. Since FiV (Dl) — 

m— 1 

e^,FiP(DL), we have FiPDi = Dl for j < and FiVDl = for j > 1 + wt-i- Let 1 + 

1=0 

Wr-i < j < Wr for some r e {0, !,...,< - 1} (recall that w-i = 0), then FiP Z^l = D^. If 

ieir 

f = (a;0,a:i,...,C:}) and y= (yfj, yi, Cli), then (x^yj) / (0,0) for aU i e /q and 



FiP(i:)z 



if J < 0, 

(£^l'^^l)//o (^(1 «) ??i) + y(i O 772)) if 1 < J < ?i>n, 
(£;l'5^-l)/j^ (f(l (g) ?7i) + y{l ® 772)) if 1 + wo < j < wi. 



{E\^'-\)fu_, {x{l ® ryi) + y{\ ® 772)) if 1 + Wt_2 < j < Wt-i, 
if i > 1 + Wt-i- 



Remark 3.1 The filtration of can be put into the shape above (for appropriate vectors x and 

y) with respect to any ordered basis of D^. Two filtrations of Dl are called equivalent if one is 

—> —* I s I 

obtained from the other by replacing x by t ■ x and y by t ■ y, for some t £ (Z;^)''^"'' . Filtrations 

will be considered up to equivalence and one may assume that y = fj^. If rj = (771,772) is a standard 

basis of D, the filtration of Dl will be considered with respect to the basis 1 77 = (1 (8) 771, 1 (E) 7/2). 

We denote E'l^'^l' (E'I'^-lI) • /j, for any J C Iq- 

3.3 Galois-stable filtrations in the non-F-scalar case 

We now assume that D is not F-scalar and we construct the filtrations of Dl which are stable under 
the action of G = Gal{L / K) . We define a right action of G on Iq by letting i- g := Tr{g){i), where tt 
is as in Section r2. 2. II Each orbit has cardinality equal to #G, hence there are v :— [K : Qp] orbits 
which we denote by Oi, O2, 0,^. Since the homomorphism p of Section [2.2.11 is injective, the 
G-action on Iq is free. Let [g]jj = (x((?) • 1, 7/^(5) • 1) with the characters x and -ip as in Proposition 
12.71 and let the filtration of Dl be 

[ if j>l + «;t_i, 

for some vectors x,y d E'l'^^l with {xi,yi) ^ (0,0) for all i G Iq. We must have that g{¥iVDL) C 
Y\VDl for any g G G and j G Z. For any r G {0, l,...,t — 1} there must exist some vector 
t = t{r,g) G E^^^^ such that the following equations hold: 

x(3)('//.n,/J • i'x) = t- fL^nJ, ■ x and i^{g)i' fi^njg) y = t- fi^n.J, ■ V- (3.2) 
Notation 3 If g G G and J C la we denote by the set {j ■ g, j G J}. 

For any J, Ji, J2 C la, any g £ G and any x G i?'"^^' the following equations are trivial to check: 

fji ■ fj2 = /./inJsj ^ifl) = i^fji) • /./2 = f(3Ji)nJ2^^ Js = Jax fn q^ 

and3(JinJ2) = (»Ji)n(9J2). ^ ' 
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Since x(.9) 7^ for all 5, the equation x{g){^ fi^r\Js) ■ {^^) = t ■ //,.nJs • x implies ^{Ir n Jg) n Jsj C 
/r n Jj. This is equivalent to ^{1,. n Jj) d IrCiJs and therefore to ^(/-r fl Jj) — Irf^Js for all g E G. 
Similarly, ^{Ir fl J^;) = Ir H Jjj for all g E G. The latter (for r = combined with Formulae ()3.3p ) 
imply that the sets J3 and Jff are G-stable and therefore unions of G-orbits of Iq. Since JgUJg = Iq, 
each set Ir is G-stable and therefore a union of G-orbits as well. For a fixed g, equations p.2p hold 
for any r = 0, 1, i — 1 if and only if they hold for r — 0, they are therefore equivalent to the 
existence of some vector t = t{g) G E^'^'^^ such that 

{x7r{g){i,),y7r{g){i,)) = {t{g)i, ■Xi^,t{g)^^ ■ yi^) • diag (x(g)"\ iZ-lff)"^) for ally e G. 

Since Jg U Jff ~ Iq all the coordinates of t{g) are non zero and by Remark 13.11 we may assume 
that t{g) = 1 for all g G G. Let ij be any index in the orbit Oj, with 1 < j < i', and let 
{xij,yij) E E X E with {xi-,yi.) ^ (0,0). Since G acts freely on /q, for each index £ E la there 
exist unique j G {1,2, and g E G such that i = ij ■ g. Let x,y & i?''^^' be the vectors with 

coordinates (x/;,y£) := {xi.,yi.) •diag(x(g)"\ "(/"(g)^^) for all g &G. Clearly 

By the discussion above we have the following proposition. 

Proposition 3.2 The filtration in (j j*. with vectors x and y as above is G-stable if and only if the 
sets Ir are unions of G-orbits of Iq for all 1 < r < t — 1. Conversely, any G-stable filtration of 
is equivalent to a filtration of this form. 

Example 3.3 Let K — Qp and let L be any finite Galois extension of Qp. The action of G on Iq 
is free and transitive. Since the sets Ir are unions of G-orbits, Ir = for all r > 1 and all the 
labeled Hodge-Tate weights are equal to some non negative integer k. Since the sets Jg and are 
unions of G-orbits, the only possibilities are {Jx,Jy) = (0,^0)7 (-^Oi^J): (^Oj-^o)- The only G-stable 
filtrations (up to equivalence) are 

r dl ifj<o, 

FiV {Dl)--< (£;l'5^l)(f(l(»ryi) +y{l®m)) if'i^<3<k, 
[ ifj>l + k, 

with {x, y) = (d, 1) if [J3, Jg) = (0, Iq), {x, y) = (1, 0) if {Jg, Jg) = {Iq, 0) and 



{x, y) = \xo 



for any xq E E^ , if {Jx,Jy) = (/o,^o)- 



3.4 Galois-stable filtrations in the F-scalar case 

Let A be the homomorphism of Proposition 12 . 71 and let \{g) = ^ ^{g) ) ' '^'^^ Galois action 

preserves the filtration if and only if for any g £ G and any < r < t — 1, there exists some vector 
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r= t{g,r) 6 E'l'^il such that 

'fi. {"(ff) • i'^) + Pig) ■ i'y)} ^t-x- fi^, 
V/. {7(5) • + S{g) ■ (Sy)} ^t-y- fi^. 

Suppose that there exists some i G ^Ir with i ^ 7^. Then (a;7r(g)(i), y7r(g)(i)) • ^{g) — (0,0), 
and since det\{g) / we have (a;7r(g)(i), y7r(g)(i)) = (0,0) a contradiction. Therefore ^Ir = Ir 
for all g. Then g (FiY Dl) C FiPZ?!, if and only if there exists some vector t = t{g,0) e E'l'^^l 
such that i^xSy) = (t-x,t-y) (A(g~i) -diagl^l,!^^ . This is equivalent to (a;^(g)(j^), 2/7r(3)(j,)) = 
{t{g)i- ■Xi.,t{g)i. ■ yij) ■ A((7~^) for all g & G. Arguing as in Section \3l3\ one sees that t{g,0) G 
(£;xy'5i,| Remark O we may assume that ^(17) = 1 for all g € G. Let ij be any index 

in the orbit Oj, with 1 < j < i', and let {xi-,yi.) e E x E with {xi.^yi.) ^ (0,0). Since G acts 
freely on /q, for each index i £ Iq there exist unique j G {1,2,...,;/} and g £ G such that i — ij • g. 
Let x,y £ T^l'^^l be the vectors with coordinates [xi^yi) :— {xi^,yi.) ■ X{g^^) for all g G G. Clearly 

j=i [see J i=i [geG 

By the discussion above we have the following proposition. 

Proposition 3.4 The filtration in ([XT]) with vectors x and y as above is G-stable if and only if the 
sets Ir are unions of G- orbits of la for all 1 < r < t — I. Conversely, any G-stable filtration of Dl 
is equivalent to a filtration of this form. 



4 Hodge and Newton invariants 

In this section we compute Hodge and Newton invariants of rank two filtered iy9-modules {D,(p) . 
We thank the referee for pointing out a mistake in the computation of Newton invariants. The 
same mistake had been pointed out by David Savitt to whom we extend our thanks. 
Let Vp be the valuation of Qp normalized so that Vp{p) = 1 and let valL(a;) = evp{x) for any x £ L. 
Following |BS06[ §3], we define 

tN{D) |;^:^valL (deti„^0 (4-1) 

and 

tH{DL) {FiVDL,./FiV+'DL^,) . (4.2) 

Recall that the map (p^ is Lq <8>Qp -E-linear. The filtered (/^-module {D, ip) is weakly admissible 
\i tniDi,) — tisi{D) and tniD'^) < tniE)') for any (/3-stable Lo-subspace D' C £), where D'j^ = 
L ®Lo D' , and D'j^ is equipped with the induced filtration. By |BM02[ Prop. 3.1.1.5] (with trivial 
modifications adopted to our definitions of the Hodge and Newton invariants), one may only check 
the inequalities above for (/^-stable Lq 0q ii^-submodules D' of D. We first determine the Lq E- 
submodules of D which are stable under Frobenius and the monodromy. 
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Proposition 4.1 Letrj ~ (f7i,772) be an ordered basis with respect to which the matrix of Frobenius 

has the form [ip]„ — ( ^ ^ ] ■ ip-stable Lq 00 E-submodules of D are 0, D, D2 — 

- \ J 5 J 

(£'l'5i-o 1)7^2, or of the form Dg— {E^^'^o\)(rji +^772) /or some vector 6 E ijl'^^ol. 

Proof. Let M be a (/j-stable submodule of D. Case (1). If M n {E^^^o\)ri2 ^ 0. Let xr]2 £ M with 
X ^ 0. Then ^ 6^772 G and after multiplying by e-n for some i E J3 we get eri7y2 G M for 

some (in fact all) i G J^. We repeatedly act by Lp and see that eTi'72 G M for all i, which implies 
that 772 G M. If xrji + y?72 G M for some x 7^ 0, then xr]i G M. Arguing as before, given that 
772 G M, we see that 771 G A/ therefore Af = D. Hence in this case M — {E^^'^o\)ri2 or M = D. 
Case (2). If M n {E\^^o\)-q2 = 0. Assume that M ^ and let xtji + 2/772 G M with x ^ 6. Then 
( S StJt/i + 7/1 7/2 G M for some 7/1 G £^''^^oland 6x^771 + 2/2772 G M for some index i & Jg and some 

vector 7/2. We repeatedly act by ip and use the fact that M is i^j-stable to get that 7/1 + 6*7/2 G M 
for some vector 9. We will show that AI — (£'l'^^ol)(77i + 6ri2). Every nonzero element of M has the 
form a?7i + /3?72 for some vectors a ^0 and (3. Since drji + a ■ 6*772 G M, we see that {d-9~ f3)r]2 G Af 
which implies that a ■ 9 = (3. Then cf77i + (3rj2 = Q?77i + a ■ 9r]2 = Q?(?7i + ^772)- ■ 
We now determine the vectors 9 for which Dg = {E^'^'^o\^(^rii + 9r]2) is i^-stable. We have the 
following cases. 

Case (1). If D is F-semisimple and non-scalar. In this case Dg is (f -stable if and only if 
there exists t G E^^^ol such that ip{rii + 6*772) = t{rii +9 772). We repeatedly act by ip and get 
fHvi)+S^Hm) =Nm^{t){Tji+9r]2). This implies Nm^{a-1) ^Nmji) and = {a^' -6^)-9. Since 
7^ , the only nontrivial yj-stable submodules of D are Di — (E'l'^^o ' )r;i and D2 = (E'l'^^o ' )r;2- 
Case (2). If D is F-scalar we easily see that Dg is i^j-stable if and only ii 9 ^ 9 ■ 1 ioi some 
9 G -B^. 

Case (3). If D is not F-semisimple Dg is never (/j-stable. 
Note that the submodules Di, D2 and are pairwise complementary in Z?, and so are Dg-^ and 
De^ whenever 9i 7^ 02 ■ Combining the results of the previous paragraph with those of Proposition 
12.51 we get the following proposition. 

Proposition 4.2 Let rj be a standard basis of a {Lp, N)-module D. The submodules of D fixed by 
Frobenius and the monodromy are 

1. 0, D, Di = (£^l'^^ol)?7i and D2 = (£''"^^01)7^2 if D is F-semisimple, non-F-scalar; 

2. 0, D, Di, D2 and Dg = (E'l'^^o I )(77i + 9 ■ 1-772), for any 9 e E"- if D is F-scalar; 

3. 0, D and D2 if D is F-semisimple. 

We proceed to compute Hodge invariants. We retain the notation of Proposition [52] and we write 
Di^L '■= L ®Lo Di for i = 1, 2 and Dg^L ■— L®La Dg for any 9 E E^ . 

Proposition 4.3 The Hodge invariants of the filtered modules Dl, Di L and Dg ^ are 

tH{DL)^^h, tH{Di,L)= h,tH{D2,L)= 
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and 

{ieJj n Jy : XiB=yi} 

Proof. The formula for tH{DL) follows immediately form Formula ()4.2|) since 

dimB(i;l'S^I)/j (f(l ® iji) + fj. (1 ® 772)) =1 J I 
for any J C /q (recall that (xi, j/i) 7^ (0, 0) for all i). By definition, 

™^P2,L) = i^2,LnFiP(i?L) 

for all j. Let 1 + w^-i ^ i ^ for some 1 < r < i — 1. We have i(l 772) = ^ ■ fi^ ■ 
x{{l ® 771) + 2/(1 ® 772)) if and only if ^ • • //^ =0 and ^ ■ y ■ fi^ = t. For all i G Ir with a;^ 7^ 
we have — 0. If = 0, then yi ^ and as ^ varies in i^l'^^l the vector £, ■ y ■ fi^ can be any 
element of fj ^ ^ (E'l'^^l), where is the complement of Jg in /q. Let I^^s — Ir ^ Jg- For all 

1 + Wr-i < j < Wr, one has FiF(D2.L) — (-E'''^^')//^ ^(l ® V2) and therefore 

r z?2.L if J < 0, 

FiP(Z^2,.)^ (i^'^^'^-)!!®'^^), if 

1 + Wi^i < j < Wi, for i = 0, 1, t — 1, 
( if i > l + u;t-i. 

Clearly tH{D2,L) = E Wi(| h^g \ - |) (with It^s = 0)- Since | \ - \ h+i,s \= #{j e : 

kj = Wi and Xj =0}, we have 

tHiD2,L) = 

{ielo: Xi=0} 

The computation for tniDi^L) is identical. Last, for any e i?^, 

FiP(i:'e) = i:>enFiP(i:>). 

Let 1 + Wr-i < j < Wr for some 1 < r < t — 1 and let ^(771 + 9 ■ I772) = ^ ■ fi^{xrji + 7/772) G YiV{Do). 
One easily sees that ti can be any elements of E as varies in E if and only if yi = Xi9, and ti = 
in any other case. Therefore FiVDg = (E^^^l^r-w) (771 + 6* • I772), where /^(e*) := Ir n Jg n Jg (1 {i e 

/q : Xi6 = 7/j } for all 1 + Wr^i < j < w^. This implies tniDg) = e -^0 : ^.j = h, Xiy^ ^ 

i=0 

and 6 = a;^^^ • 2/i} = I] fci- ■ 

For the Newton invariants of D, Di, and De we have the following proposition. 

Proposition 4.4 // the diagonal entries of the matrix of cp with respect to a standard basis are 
a ■ 1 and S ■ 1, then tjsi(D) = efVp{aS), tjsi(D2) = efVp{S), tpf{Di) — efvp{a) and tN{De) — 
efvp{a). 

Proof. Follows easily from Formula ()4.1|) in the beginning of the section. ■ 
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5 The weakly admissible rank two filtered modules. 



We summarize the results of the previous sections and list the rank two weakly admissible filtered 
((p, N,L/K, i?)-modules. Before doing so, we briefly digress to recall some well known facts about 
Galois types f| ICDT99l App.B]). 

5.1 Galois types 

Let p : Gk — > GL{V) be an L-semistable n-dimensional i?-representation of Gki as in the intro- 
duction. Let Wl be the Weil group of L and Wk the Weil group of K. RecaU that Wk/Wl = 
Gal{L/K). The Frobcnius endomorphism (p of D^f{V) defines an linear isomorphism 

for each embedding r.^ of Lq in E. If ck is the absolute ramification index K, we define an Lg-linear 
action of g G Wk on D^^{V) given by (gmod VFl) o(^~"(9)'=^, were the image of g in Gal(kK/kK) is 
the a((/)-th power of the g^-th power map, with kpc being the residue field of K and its 
cardinality. Since V is L-semistable, each component eT-^D^f.{V) is an vector spaces of dimension 
n with an induced action of {Wk,N). Its isomorphism class is independent of the choice of the 
embedding (cf. |:BM02. Lemme 2.2.1.2]), and this unique isomorphism class is the Weil-Deligne 
representation WD{p) attached to p. 

Definition 5.1 A Galois type of degree 2 is an equivalence class of representations t : Ik 
GL2{Qp) with open kernel which extend to Wk- We say that a two-dimensional potentially semistable 
representation has Galois type r ifWD{p) |7^~ r. 

We have the following lemma. 

Lemma 5.2 Assume that p > 2 and let t be a Galois type of degree 2. Then r has one of the 
following forms: 

(1) T ~ xi ®X2 l/jfj where xi o,nd X2 are characters ofWK finite on Ik', 

(2) T ~ Ind^'^^ (x) \ik— X \ik where K' is the quadratic unramified extension of K, x 
is a character ofWK' finite on Ik' which does not extend to Wk, and h a generator of Gal{K' / K); 

(3) T ~ lnd^'^^{x) |/jc, where K' is a ramified quadratic extension of K and x « character of 
Wk', finite on Ik', such that x \i^, which does not extend to Ik- 

For Galois types we have the following three possibilities: 

• ^ and r is a scalar (special or Steinberg case); 

• = and r as in (1) of Lemma [5.21 fprincipal series case); 

• = and r as in (2) or (3) of Lemma [5T2l (supercuspidal case). 

Notice that in the unramified supercuspidal case (Case (2) of Lemma [5.21) . t is reducible and the 
characters x \ik x'* \ik ^-re necessarily distinct, while in the ramified supercuspidal case (Case 
(3) of Lemma 15. 2p . r is irreducible. 

We now provide the list of rank two weakly admissible filtered (ip, N, L/ K, £')-modules and comment 
on the Galois type of the corresponding potentially semistable representation, understanding that 
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the above mentioned terminology apphes only in case that p is odd, an assumption not necessary 
in this paper. 

Recall from Section [3?3l that there is a right action oi G — Gdl{L/K) on /q defined hy i ■ g :— 
Tr{g){i), where tt is as in Section [2Xn This action has orbits d, O2, Ci/, where ly ^ [K : Qp] . Let 
ij be any fixed index in the orbit Oj for any 1 < j < and choose any fixed pair (xi. ,yi.) £ E x E 
with {xi-,yij) 7^ (0,0). Assume that the labeled Hodge- Tate weights are {{—ki,0})o-., with ki non 
negative integers. 

5.2 The F-semisimple, non-scalar case 

There exists an ordered basis 

r] = (771,772) of D over E^^^ol such that: 

• The Frobenius endomorphism ip of D is given by [ip\ri = diag(Q! ■ 1,6 ■ 1) with a,S € E^ and 



• The Galois action is given by [g],, = diag(xi(g) • 1, X2{9) ■ 1) for some characters Xi '■ G ^ E^ ; 

• The Galois-stable filtrations are equivalent to 



Dl if J < 0, 
{E\^^\) (f(l ® 771) + y(l ® 772)) if 1 < j < Wo, 
((fl(g) 771) -h 7/(1 «> 7/2) ) if l + wo<j 




j (f(l 7;i) +y(l ® 772)) if l + wt-2 < j <wt-i, 
if j> 1 + wt-i, 



with X 




where the sets Ir are unions of G-orbits of Iq for all r. 



5.2.1 The potentially crystalline case 

• The Frobenius-stable submodules are 0, D, Di = {E^'^'^o\')r]i and 

D2 - iE\^^o\)T^2; 



• The filtered ((p,L/K, i?)-module D is weakly admissible if and only if 



(i) efvp{aS) = ki 



(5.1) 



(ii) efvp{a) > 



E 



ki and (iii) efvp{5) > 



E 
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where e is the absolute ramification index and / the absolute inertia degree of L. Assuming that D 
is weakly admissible, 

1. It is irreducible if and only if both inequalities (ii) and (iii) in (|5.ip are strict; 

2. It is reducible, non-split if and only if exactly one of the inequalities in (jS.ip is strict. If in- 
equality (ii) is strict, the only nontrivial weakly admissible submodule is D2, while if inequality 
(iii) is strict the only weakly admissible submodule is Di; 

3. It is split-reducible if and only if 1^1 n Jg Ci Jg — 0. The only nontrivial weakly admissible 
submodules are Di and Z?2- 

The corresponding potentially crystalline representation is a principal series. 
5.2.2 The potentially semistable, noncrystalline case 

In this case, there exists a basis rj so that a = p6 and [A^],, ~ f ^ ) ' 

• The characters xi ^nd X2 are equal; 

• The submodules fixed by Frobcnius and the monodromy arc 0, D and D2', 
The filtered {ip, N, L/if )-module D is weakly admissible if and only if 

2efvp{S) +ef=J2 and efvp{6) > ^ h. (5.2) 

ielo {ielo- Xi=0} 



Assuming that D is weakly admissible, it is reducible, non-split if and only if the inequality in ([52 
is equality. In this case, the only nontrivial weakly admissible submodule stable under Frobenius 
and the monodromy is D2. In any other case D is irreducible. 
The corresponding potentially semistable representation is a special series. 

5.3 The F-scalar case 

There exists an ordered basis rj oi D over ijl'^'^ol such that [(p]ri — diag(a • 1 , a • 1 ) with a G . 

• The monodromy operator A^ is trivial; 

• There exists a group homomorphism A : G — > GL2{E) such that 
[gU = A(5)-diag(l, 1) for all g e G; 

• The Galois-stable filtrations are as in the non-F-scalar case with 

J = l [see J ] = 1 [gGG 

where {x^(g)(r^),yTr(g)(i,)) = {xi^,y^.) ■ X{g~^) for all g e G; 
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• The Frobcnius-stable submodules are 0, D, Di, D2, with Di and D2 as m the previous cases, 
and De = {E\^^«\){rii + 9 ■ Ir^a) for any 9 e E"" . 

For each c ^ , let k{c) := ^ ki, where Xi and are the coordinates of the vectors 

{ieJsnJy-. x~^yi=c} 

X and y. Let k be the maximum of the integers k{c). The fihered (^-module D is weakly admissible 
if and only if 

(i) 2efvp(a) ^ h- (ii) efvp{a) > J2 

leio {ieig: y^=o} 

(5.3) 

(in) efvp{a) > J2 ^'^'^ (i^) efvp{a) > k. 

Assuming that D is weakly admissible, 

1. It is irreducible if and only if all inequalities (ii), (iii) and (iv) in (j5.3p are strict. 

2. It is reducible, non-split if and only if either exactly one of the inequalities (ii) and (iii) 
is equality and inequality (iv) is strict, or both inequalities (ii) and (iii) above are strict, 
inequality (iv) is equality and the maximum is attained for precisely one constant c. The only 
(^-stable weakly admissible submodules are Di, D2 and Dc respectively. 

3. It is split-reducible if and only if either x~^yi is a constant c for all i G 1^ C]Jsr\Jg (including 
the case /q^ n n Jj; = in which we define c — Q) and one of the inequalities (ii) and (iii) 
above is equality, or there exist two distinct constants ci, C2 such that fc(ci) = k{c2). The only 
weakly admissible submodules are Di and or D2 and Dc, or Z?ci and Dc^ respectively, 
and all these pairs of submodules are complementary in D. 

The corresponding potentially crystalline representation is supercuspidal or principal series, de- 
pending on A. 

5.4 The non-F-semisimple case 

There exists an ordered basis -q oi D over E^^'^o^ such that [(^],, = ( ^ ^ with a G i?^ 



1 a • 1 



In this case the monodromy operator N is trivial. 



The Galois action is given by [g\n — diag(x(5) • \,x{9) • 1) for some character x '■ G ^ E^ 
and the G-stable filtrations are as in the F-semisimple, non-scalar case; 



• The Frobenius-fixed submodules are 0, D, D2; 

The filtered (^-module D is weakly admissible if and only if 

2efvp{a) + ef =^^ki and efvp{a) > ^ h. (5.4) 
ieio {ieio-- xi=o} 



Assuming that D is weakly admissible, it is reducible, non-split if and only if the inequality in 
is equality. In this case, the only nontrivial weakly admissible submodule is D2. In any other case 
D is irreducible. 

The corresponding potentially crystalline representation is a principal series. 
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6 Isomorphism classes 




Let (Di, (pi, Ni), i = l,2be isomorphic filtered {ip , N , L / K , E)-modu\es with labeled Hodge- Tate 
weights ({ — fccr, 0})cr, where feg- are non negative integers. Let 77* = {VijV2)i ^ — 1,2 be standard 

bases and let h : Di D2 be an isomorphism. We denote by [h]-i the matrix of h with respect to 

the bases 77* and by [h] ^^^-^ the matrix oih^ = 1 L®q^ E®h with respect to the bases 1 ® 77* . If all the 
weights ka equal zero, compatibility of h with the filtrations holds trivially and the corresponding 
sections should be ignored. 

6.1 The F-semisimple, non-scalar case 

Let [<^i],,i = diag(Q;i • 1, (5^ • 1), with al ^ Sf and Ui ~ pSi 7^ if the monodromy operators are 
nontrivial. In the next proposition we determine when the isomorphism h commutes with the 

Frobenius operators. We write Q — [h]-i = ( I , ^-^d by Section 12.2.11 it is clear that 

- y c d I 

Proposition 6.1 The isomorphism h commutes with Frobenius endomorphisms ij and only if either 

1. a( = a2 and 6( = 62, in which case — diag{a ■ , d ■ do) , where Sq — (1, /ii, /x^, 
do = (l,Ai2,Ai2: ■•■,^^2^^), with ^1 = Si^ ^2 = 1^ and a,de E"", or 

2. a{ = $2 and S( — aj, in which case [h]~i — ^ ^ ^ 5 ) ' ~ (1, , "^), 

Co = (1,6,^2',-, el"'): wtth^,^^^, 6 = t andb,c(.E^. 

Proof. We need ([i^2]j)2) • f{Q) — Q ■ or equivalently aid = a2(p{a),Sib = a2(p{b),aic = 

62'p{c) and Sid = S2'p{d).lt a{ ^ {ct^, S2}, then Lemma [^H] implies a = c = a contradiction. Hence 
a( G {ttj, 62} , and similarly S( € {a{, Since a{ ^ d{ for i = 1, 2 we have the following cases: 
Case (1). If a( = and 5( = S^. By Lemma [2TT1 Q = diag(a, d), where a — a(l, ^i, pl\, 
d — d{l, /i2, M2, M2~') '^it^ Ml = = Ij- and a,d e E^ . Case (2). If a{ = j| and S( = a{. 

Arguing as in Case (1), Q = ( |! ^ ) , with b = 6(1, 6, C?, C/"'), c = c(l, 6, ^2', Cl"'), 

where ^ - ^, 6 - ^ ^'^^ 6,c e ■ 

We now determine when h commutes with the monodromy operators. 

Proposition 6.2 The isomorphism h commutes with the monodromy operators if and only if either 
both the monodromies are trivial or the matrix is as in Case (1) of Proposition [KT\ a = d and 
aiS2 — a25i. 

Proof. Clearly the monodromy operator of one of the filtered modules is trivial if and only if the 
monodromy operator of the other is. The monodromy operators commute with h if and only if 
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[-/Vijjji — [N2]rf2 ■ The proposition follows by a straightforward computation using 

Corollarv l2.6l and Proposition l6.ll ■ 

Proposition 6.3 Let [g]^i = diag{xi{g) ■ 1,X2(.9) • 1) and [g]^2 = diag{iji{g) ■ l,V'2(ff) • !)• 

(1) // the matrix of h is as in Case (1) of Provosition \ 6.1[ then h commutes with the Galois 
actions if and only if Xiid) — and X2{g) = M2^^'^2(5) for all g (£ G. 

(2) // the matrix of h is as in Case (2) of Proposition 16. il then h commutes with the Galois 

actions if and only if Xiid) — Q''^^ i'^ig) and X2{g) — ''^■'V'lls) for all g G G. 

Proof. A straightforward computation, using that the Galois actions commutes with h if and only 

if ([h]i^ [gW = [5].^ (^[/^]| 

6.1.1 Compatibility with the filtrations 

Throughout this section we assume that at least one weight is positive. Suppose that for i = 1,2 
we have 



FiF(A,L) 



D^x if j < 0, 
{e\'^^\''') {x^{l(E)1^l) +y,{l(E)T]2)) if 
1 + Wr-i < j < Wr, for r = 0, t — 1, 
if j> 1 + wt-i, 



We need 

hUFiVDi^L) ^FiVD^x (6.1) 

for all j and we have the following cases: (1) If Q = diag(a, d) is as in Case (1) of Proposition l6.ll 
let Q«"= = diag{ai,di), where ai = a®'^ and di = (P"^. Since Hl is (i;!'^^ I) -linear. Condition 
is equivalent to 

(e\^-\) ifj,^ ■ fi • ai(l ® vl) + ■ di{l ® vD) - (i?'''"') • ^2 ■ ((1 <E> v!) + fj,, ((1 ® vD), 

and the latter equivalent to the system of equations 

(i) I i'^^ ■ 5 • ^ i i'^^ ' I and (ii) I {'^^^ ^ ■ ) '5' I (6.2) 
\ fjy, ■di-x2=t- fj.^ , J \^ fj.^ = fj.^ -ti-du J 

for some vectors t, ti £ E^^^^. We easily see that (16.21) implies 

fjs^nJy^ ■ ai- xi = /j-^nJj^ ■ di ■ X2- 

Since di G (E^) ^ , the first equation of (|6.2|) fi) implies that C and the first equation of 
(|6.2p (ii) that Jg^ C Jsi , therefore Jg^ — Jg^ . 



I s I 

Similarly, since di G {E'^) ^ , we have Jj;^ = J^j^. Conversely, if the equations 
Jxi = Jx2; Jyi = Jv2 and /js^njjj • ' = fj^^r^Jg^ ■ di ■ X2 
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hold, then it is easy to see that the system of equations (|6.2p has solutions in t and ti. Hence, h 
preserves the filtrations if and only if 

Jxi = Jx2; Jyi = Jy2 and /jj^njj, ■ di ■ xi = fj^^njy^ ■ di ■ X2 (6.3) 
We have the following subcases: 

(a) When the monodromies are trivial: In this case, the third equation in (|6.3p can be replaced by 
fj,njg ■ idof" ■ XI = fj,njg ■ (rfo)®" ■ X2 in the projective space (6.4) 
where do = {1, fij, ...,/i("^) and cTq = (1,/12,M2j ■■•:M2~^)- 

Conversely, if a( = a^, 6( = S2 and equation (|6.4p holds, then (after scaling one of the vectors do 
or do if necessary) Q — I [h]-^i I = diag(ao,do) defines an isomorphism of filtered {ip, N, L/ K, E)- 



modules h : (Di, fi) {D2, ip2)- 

(b) When the monodromies are nontrivial: By Proposition l6.2l we have a — d and (|6.3p is equivalent 

to 

Jsi = Jx2', Jyi = Jv2 and fj^njy ■ xi = fj^njg ■ ^2- (6.5) 

Conversely, if a( — aj, S( = S2, and 01^2 = ck2<5i, if the monodromy operators are non-trivial, and 
if equations (16. 5p hold, then the E'l'^^o l-linear map 

h : (_Di,(^i) {D2, ^2) defined by Q = [h\^i — diag(ao,ao) is an isomorphism of filtered 
(^, N,L/K, £:)-modules. 

(2) If Q = ^ 'I 5 ) ' ^^"^^ both the monodromy operators are zero. Arguing before we see that 
/iL preserves the filtrations if and only if 

Jxi — Jy2^ '^yi — '^X2 and 

(6.6) 

fj,,njy, ■ {bor^ = /j,,n,7., • (co)®^ • fi • X2 in ¥"^-\E). 

Conversely, if a( = 62, S( = and equations (|6.6p hold, then the ijl'^^o '-linear map h : (Di, ipi) 
(^2, </'2) defined by Q = ( ) = ( j (after scaling one of the vectors &o or cq if necessary) 



CO 

is an isomorphism of filtered {ip, N, L/ K, i?)-modules. 

6.2 The F-scalar case 

Suppose that 

VPi]r£ = diag(ai • 1 , • 1) and [g]^. = \i{g) ■ diag(l, 1) 

for some group homomorphisms \i : G GL2{E), i ~ 1,2. Arguing as in the non-F-scalar case, 

one easily sees that an isomorphism h commuting with Frobenius exists if and only if — a^- 
2 

Then, Q = [/ij-j = i?-diag(l, 1) for some R G GL2{E), and h commutes with the Galois action 
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if and only if \2{g) — R\i{g)R ^ for all g G G. Let i? = ^ ^ ^ / ' ^^"^^ i?''^^ '-linear 

isomorphism, it preserves the filtrations if and only if (Fil^Di.^) = Fil^D2.L, or equivalently 

(a • fi + 6 • fjg^ ) = £;l^^lx2 and (c • f i + d • /j^.J = -B'^^I/j,.^ 

which we write in assorted form as 

(fi, ■ (i? • diag(r, 1)) = ( E\^-\) (f2, fj,,) ■ (6.7) 

Conversely, if a( — if there exists some R £ G'i2 {E) such that 

A2(g) = R\i{g)R^^ for aU .g G G and ([^ holds, then the E'l^^o I -linear map 

h: Di^ D2 defined by [/i]^' = i? • diag(l, 1) 
is an isomorphism of filtered {ip, N, L/K, i?)-modules. 

6.3 The non-F-semisimple case 

Let 

[filrr = ^ a ^- 1 ) ^"^^ ^^^2' " diag(xi(5) ■ 1, Xi{g) ■ 1) 

for some characters Xi ■ G ^ . Let Q = = ( ^ I • 

The isomorphism h commutes with the Frobenius endomorphisms if and only if 

(b2],0-^(Q) = Q-([^iW)- (6.8) 

This implies that Nm^{[ip2]jj2) ■ Q — Q- Nm^{[ipi],ji), and this combined with Lemma 12.11 that 

a( = a^, b = 6 and a = d = a ■ ^1, (^^"^ , (sf) ^ some a G . Then by equation 
the coordinates of c satisfy 

Ci = m \ [Co - afi^^ + «) ^ 51 {^^1^^^^ ^ ^^1^^) I for i = 1, 2, / - 1, 

where cq G -E is arbitrary. Arguing as in Section 16.1.11 we see that h is preserves the filtrations if 
and only if 

Jsi = and fj. • f • fi • c®" = (^fj^^njg^ ■ X - fj.njg^ • xi) • a®". (6.9) 

It is straightforward to see that h commutes with the Galois actions if and only if Xi(.9) = Mi'^^'' ' 
X2{g) and = /i"^^'' • c for all g. The latter equation holds if and only if either ai = a2, or 
"(9)-i / \ 2j f f / N 2j 

S ( ) = for all 5 G G. Conversely, assume that a{ = a2 and ^ ( ) ~ ^^r 
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all g G G, in case that ai ^ a2. In addition, assume that Xi(.9) = A^i ' X2{9) for all g. If 
the first two equations in (16. 9p hold and there exist a E and cq E E such that the third 

equation in (|6.9p holds, then the i?l"^^o I -linear map h : Di ^ D2 defined by ^ ^ ^ ^ is 

an isomorphism of filtered {kp, L/ i?)-modules. We now list the isomorphism classes of rank two 
filtered (1^, iV, L/iiT, i?)-modules. 



6.4 The list of isomorphism classes 

Let [Di, (fi, Ni, L/K, E) be filtered modules with labeled Hodge- Tate weights {{—k„, 0})(j, with k„ 
non negative integers. Let 77*, i = 1, 2, be standard bases, and suppose that the filtrations are given 
by 

r D,.L if 3 < 0, 

[ if J >l + wt-i, 

for some vectors Xi,yi G £^1'^^' whose coordinates do not vanish simultaneously. Throughout this 
section, any equation involving the sets Js and Jjj should be ignored if all the weights kg- equal 
zero. Recall the definition of n{g) from Section r2. 2. 21 

6.4.1 The F-semisimple case 

Let [^pi]rJ^ = diag(arl, Si-1) with a.,,6i e E^ such that a{ ^ 6{ and [g],ji = dia.g{xi{g)-l,X2{g)-^), 
[g],f = diag('i/;i(5)-l, ?/'2(3)-l) for some iJ'^-valued characters Xi ^^nd ipi oiG ^ G'aI{L / K) . When the 

monodromy operators are nontrivial, the bases are chosen so that ai = p6i and [Ni]jji = ' ^ ^ 
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6.4.2 The potentially crystalline case 



If both the monodromy operators are trivial, then {Di, ipi, L/K, E) ~ (Z?2, ^2, L/ K, E) if and only 
if either 

for all g e G and 



with a= /if, j im.Ad= [l,^l2,^4,.■.,^li j , where /ii = and = 3;, or 

r a{=4 1 r 1 / Xi(5) = C2"''V2(ff) 1 

I 4 = «n ' I -^^i = J ' 1 X2(.9) = er^'Vi(ff) J 

for all g e G and 

with 6= (l,a,e?,-,er')''' andc= (1,6,^2', el"') where 6 = |^ and 6 = 
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6.4.3 The potentially semistable, noncrystalline case 

If both the monodromies are nontrivial, then {Di, ipi, Ni, L/ K, E) ~ {D2, ip2, N2, L/ K, E) if and 
only if 

f — 1 r — 7^- 1 f — ,,"(9) 



= 1 J Jsi ^ Js2 \ J Xi(5) = Ml ViCg) for aU g G G and 



ai(52=a2<5i j' I -^ai = J ' 1 /jj^n ./^-^ • ^1 /j^^n ,7^^ ■ ^2 hi A™(i;) 



where u, 



1 - ^ 



6.4.4 The F-scalar case 

Let [(pi]r,i — diag(Q;.i ■l,ai- 1) and [gj^i = Ai(.g)-diag(l, 1) for some group homomorphisms Xi : G ^ 
GL2(^^)T « = 1,2. Then 

iDi,ipuL/K, E) ^ p2, <^2, i/^, 

if and only if a{ — a2 and there exists some matrix R G GL2{E) such that X2{9) — RXi{g)R^^ for 
all g and (with the notation of Section [ 



(fi, /j^.J • (i? • diag(l, 1)) = ( (f2, /j 

6.4.5 The non-F-semisimple case 

Let 

[fiU- = ^ I ^ ^itli ^ ^^''and = diag(xj(g) • • 1) 

for some characters Xi '■ G E^ . Then {Di,tpi,L/K, E) ~ (_D2, ^2, L/K, E) if and only if 

n(9)-l 

(1) a{ — and in case that ai ^ 02, /^T^"' ^ for 5 G G, where /xi = — ; 

i=o 

(2) xi(.9)=Mi^''-X2(5)foraUgGG; 

(3) = and there exist a £ E^ and cq £ E such that 



/j, • f • f 1 • c®^ = (/,;,nj,, • £ - fj.nj,, ■ ^1 j • a®^ in A™(i?), 
where a = a • ^1, /ij"^, /ij'^, /i]^ '■'^ and c= (cq, ci, c/_i) with 




7 Some consequences for crystalline representations 

Let K be any finite extension of Qp of absolute ramification index e and absolute inertia degree /. 
We apply the results of the previous sections to study 2-dimensional crystalline i?-representations of 
Gk- Let V be such a representation and let {D, (p) be the corresponding weakly admissible filtered 
</3-module. Recall that the map (p-^ is Kq i?-linear. We call characteristic polynomial of V the 



26 



characteristic polynomial of ip^ , and throughout this section we assume that V is F-semisimple, 
meaning that ip^ has the same property. Let 77 be a standard basis so that = diag^a • 1 , (5 • 1^ 
with a, (5 e and , and let 

r Dk if J < 0, 

[ if j>l + wt^i. 

for some vectors y e E'"^ , where m is the degree of K over Qp, whose coordinates do not vanish 
simultaneously. In practice it is often desirable to allow for a more flexible shape of Frobenius, at 
the cost of adding extra rigidity to the filtrations. By Remark 13.11 we may assume that y — fj^, 
and by considering the ordered basis ^ = (C1JC2) with Ci = ( + ^i~^^n)''7i and (2 — ??2, 

we may further assume that x — fj^ and y — fjg. In such a basis the matrix of Frobenius remains 
diagonal of the form [(p]^ = diag^d, for some vectors d,S € with Nm^(a) ^ Nm^{5). 

The results of Section fG. 4. 21 take the form of the following proposition. 

Proposition 7.1 Let {Di,ipi) be filtered (p -modules with = diag{di,Si), i — 1,2 and filtrations 

as in Section \6.4\ with Xi — fj^, and iji — fj^,, i — 1,2. The F-semisimple filtered ip-modules 
{Di, ifi) are isomorphic if and only if either 

Nm^{Si) = Nm^{52) J ' \ % = Jy2 
and fj^^n Jg-^ ' = fjfs-^n Jg-^ • d viewed in the projective space P"''^^(E), where 



1,- 



2 

-2 . 



or 



[ Nm^iSi) = Nm^{d2) J ' \ Jyi = J 32 
and fj^_^n Jg-^ ' b = /j^^n ,7^^ ' c viewed in the projective space V"^^^{E), where 



6= andc={l,^ 



/-2 



// a/Z </ie ki are 0, ar*?/ equation involving the sets Jg^ , J^j. should he ignored. 



The two cases of Proposition 17.11 occur due to the isomorphism of any rank two filtered mod- 
ule which swaps its basis elements. For our current normalization the results of Section 15.2.11 
should be slightly modified: One should only replace efvp(aS) by eVp(Nmip{d)Nm^{d)), efvp(a) 
by eVp{Nm^{d)) and evp{5) by eVp{Nm^{S)), where for a vector a we denote by Vp{Nm^{d)) the 
valuation of the product of its coordinates. For the rest of the section we assume that our bases are 



27 



standard with Frobenius as in Proposition 17. II and filtrations as in (j7.ip with x ~ fj-, and y = fj^. 
To avoid triviahties we assume that at least one of the non negative weights hi is strictly positive. 
The following corollary follows easily. 

Corollary 7.2 Let {D, ip) be an F-semisimple, weakly admissible filtered ip-module of rank two over 
Kq ® E with labeled Hodge-Tate weights ({— /c^, 0})o-i. 

(1) IfTr{(pf ) £ then the corresponding crystalline representation is reducible; 

(2) There exist infinite families of weakly admissible non isomorphic F-semisimple rank two 
filtered ip-modules sharing the same characteristic polynomial and filtration with {D, Lp) if and only 

if\ Jx^Jy\> 1- 
m — 1 

Let k :— 'Y^ ki, and let tt £ be an e-th root of p. Let a G tue with ^ Att^ so that the 

roots £q, El of — aX + tt^ be distinct. Consider the rank two filtered iy9-modules D fxj , with 
X, jl £ {E^) , with Frobenius endomorphisms given by 

[ip]r^ =diag( ( Ao,Ai,...,A/-2, ^ , ^° ^ ) , ( A^o, Mi, M/-2, 



and filtrations as in (|7.ip with x — y — 1. We have the following corollary. 

Corollary 7.3 (1) For any A, /i G (E^Y ^ , the filtered modules D (ji, flj are irreducible and 
weakly admissible; 

(2) D ^A, fij ^ D ^Ai, fiij if and only if X ■ fli = Xi ■ fl; 

(3) The filtered modules D (^1, with fl G [E" )^ ^ are representatives of the distinct isomor- 
phism classes of all rank two weakly admissible filtered modules with fixed characteristic polynomial 
X^ — aX + TT^ and filtration as in 1^7. with x — y = 1. 

Corollary 7.4 If K ^ Qp there exist (infinitely many) disjoint infinite families of irreducible 2- 
dimensional crystalline E -representations ofGx, sharing the same characteristic polynomial and 
filtration. 

Appendix 

The potentially crystalline £'^-valued characters of Gk- Let fco, fci, fcm_i be arbitrary 

integers. Assume that there exists zu £ E^ such that ro'^™ — p^=° . The weakly admissible 
rank one filtered {(p, L/K, E)-modules with labeled Hodge-Tate weights {—ki)^^ are of the form 
_D = ( E)ri with ip{ri) — u(n7, nj, .... 117)77 for some u G E''' with Vp{u) = and, g{ri) = (x(.g) • l)r/ 

for some character 
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X ■ Gal{L/K) . Their filtrations are given by 



(1 ® ry) if j < Wo, 
(1 ^) if l + u;o<j<w;i 



itj>l + Wt-l, 



where the sets Ir are unions of Gal(i/if )-orbits for aU r. Denote such a filtered module by 

Then {Du,x) — {D^,^p) if and only if (i) = and (ii) x(ff) = £"^^^(5) for all g G G, where 
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